The vertex operator algebras and modules associated to the highest weight modules for the Virasoro algebra over an arbitrary field F with chF = 2 are studied. The irreducible modules of vertex operator algebra L(
Introduction
This paper is devoted to the study of vertex operator algebras over an arbitrary field F. In particular, the vertex operator algebras associated to the highest weight modules for the Virasoro algebra V ir F are investigated. In the case F = C is the field of complex numbers, the Virasoro vertex operator algebras have been studied extensively in [FZ] , [DMZ] , [W] .
The most interesting irreducible highest weight modules L(c, h) for the Virasoro algebra are the unitary ones when F = C. It is well known from [FQS] and [GKO] [DMZ] , [W] ). If m = 3, we have rational vertex operator algebra L( If v ∈ V s we will call s the degree of v and write deg v = s. If we regard s as a number in the field F we call s the weight of v
In the case V1 = 0, we have a vertex operator algebra V over D. If D = C, the assumption u n v ∈ V s+t−n−1 in the definition is a consequence of the other axioms. If D = F is a field of finite characteristic p, the L(0) has only p distinct eigenvalues on V and the assumption is necessary.
An automorphism g of a vertex operator superalgebra V is a D-module automorphism of V such that gY (u, z)v = Y (gu, z)gv for all u, v ∈ V, g1 = 1, gω = ω and gV n = V n for all n ∈ 1 2 Z. It is clear that any automorphism preserves V0 and V1. There is a special automorphism τ such that τ |V0 = 1 and τ |V1 = −1. We see that τ commutes with any automorphism.
Fix g ∈ Aut(V ) of order T. We assume that 
Using the standard argument (cf. [DL] ) one can prove that the twisted Jacobi identity is equivalent to the following associativity formula
where w ∈ M and k ∈ Z + such that z k+ r T Y M (u, z)w involves only nonnegative integral powers of z, and commutator relation
whose component forms is given by
for all u, v ∈ V and s, t ∈ 1 T Z. One can also deduce the usual Virasoro algebra axioms:
The homomorphism and isomorphism of weak twisted modules are defined in an obvious way.
Definition 2.3. An admissible g-twisted V -module is a weak g-twisted V -module M which carries a
for homogeneous v ∈ V s . We will call n the degree of w ∈ M(n). 
Z.
A C-gradable g-twisted module defined here for any field F essentially is the ordinary g-twisted module when F = C. But we cannot assume here that each M λ is an eigenspace for L(0) with eigenvalue λ as λ does not lie in F. It is also clear from the definition of admissible and C-gradable g-twisted modules that a uniform grading shift gives an isomorphic module of the same type. One can also verify that a C-gradable g-twisted V -module is admissible (cf. [DLM1] ).
The following result is a generalization of Proposition 4.5.7 of [LL] (also see [DLM3] , [DLM4] , [L3] , [DJ] ) and will be used later.
Lemma 2.6. Assume that D = F. Let W be a weak g-twisted V -module and w ∈ W. Then for any u ∈ V r , v ∈ V s and m ∈ r T
In particular, the weak g-twisted V -submodule of W generated by w is spanned by a n w for a ∈ V and n ∈ 1 T
The proof is similar to that of Proposition 4.5.7 of [LL] by using 2.1 and noting that T is invertible in the field F.
We now define forms. Let R be an integral subdomain of D and V a vertex operator superalgebra over D.
Definition 2.7. Assume that V is a free R-module. Then V is a vertex operator superalgebra over R. A vertex operator superalgebra R-form I of V is a sub vertex operator superalgebra of V such that I n = I ∩ V n and V n = D ⊗ R I n for all n ∈ 1 2 Z.
Unlike [DG] we do not assume that there is a nondegenerate symmetric bilinear form on V. Also note that I ∩ V0 is a vertex operator algebra R-form of V0.
Definition 2.8. Let V be a vertex operator superalgebra over D and I a vertex operator superalgebra R-form of V.
is an admissible g-twisted V -module where g is an automorphism of V of order T, g preserves I, M is also an admissible g-twisted I-module. An R-form N = ⊕ n∈
We remark that if I is a vertex operator superalgebra R-form of V , then I ∩ V1 is an R-form of V1 over I ∩ V0.
3 Vertex operator algebras associated to the Virasoro algebra
In this section we study the Virasoro algebra over an integral domain D and discuss the highest weight modules and related vertex operator algebras. In the rest of the paper we assume that F is a field with chF = 2. Recall that the original Virasoro algebra V ir is an infinite dimensional Lie algebra over C with a basis L n for n ∈ Z and C. Consider the integral domain D such that 1/2 ∈ D.
for m, n ∈ Z. Note that m 3 − m is divisible by 3 for any m ∈ Z, the commutators make sense. In particular we can define the Virasoro algebra V ir F for any field F with chF = 2. In the rest of paper we always use F for such a field. It is also clear that
]. As in the complex case, for any c, h ∈ D we set
D is the subalgebra generated by L n for n ≥ 0 and C, and D is a V ir
Lemma 3.1. The V (c, h) F has a unique maximal graded submodule
Proof: This result is easy if chF = 0 as each V (c, h) F (n) is an eigenspace for L 0 with eigenvalue h + n. If chF is finite , L 0 may have finitely many eigenvalues and the old proof does not work. This should explain why the statement of the lemma requires the maximal graded submodule. We will show how to use the gradation to establish the result.
Let
We now assume that chF = p is a prime and discuss an arbitrary maximal submodule
pn with w np ∈ V (c, h) F (np) and w 0 = 0. It is definitely an interesting problem to determine maximal submodules of V (c, h) F . For any such W, V (c, h) F /W is not a Zgraded module anymore as W is not Z-graded. In the rest of paper, we will drop
We now turn our attention to V (c, 0
theorem is an analogue of the same result in the complex case in the current setting with the same proof.
(2) For any h, V (c, h) F and its quotient modules for the Virasoro algebra are thē
is an ideal ofV (c, 0) F and L(c, 0) F is a simple vertex operator algebra which is a quotient vertex operator algebra ofV (c, 0) F modulo the ideal
(4) Let M be a restricted module for the Virasoro algebra V ir F of central charge c, that is, for any w ∈ M L n w = 0 if n is sufficiently large. Then M is a weakV (c, 0
We next discuss the connection of
But it is not true in the current situation.
4 Modular vertex operator algebra L(
We investigate the modular vertex operator algebra L(
We first recall the construction of L ( 1 2 , 0) and its irreducible modules L( for n > 0 and as the multiplication by a(n) Z) s is the submodule spanned by the monomials whose length is congruent to s modulo 2.
s . The following result is well known (cf. [FFR] , [KW] and [L1] , [L2] , [KR] ).
) is a simple vertex operator superalgebra.
) for s = 0, 1 as modules for the Virasoro algebra.
, Z and s = 0, 1.
Here we give the explicit expression for the Y (ω, z) = n∈Z L(n)z −n−2 . For this purpose we define a normal ordering
It is easy to check that
or n = 0, and
The following lemma will be used later.
)0 is a simple vertex operator algebra and
)0(t) for all m, n, t. We next to prove each V (H F , Z)s is an irreducible admissible V (H F 
)0 is a simple vertex operator algebra.
It remains to show that V (H F , Z)0 and V (H F , Z)1 are isomorphic. Define a linear isomorphism σ :
. From the discussion above, it is enough to verify that a(s)a(t)σ = σ(s)a(t) for any s, t ∈ Z with s > t. This is clear if both s, t are different from 0. We now assume t = 0. Then
are equal for any n 1 > · · · n k ≥ 0. The proof for s = 0 is similar.
We are now present our first main result of the paper which is a generalization of the same result from the complex field to any field F whose characteristic is not 2.
) F for s = 0, 1 as modules for the Virasoro algebra V ir F .
Proof:
The results in the case that F = C were proved using the classification of unitary highest weight modules for the Virasoro algebra with c = 1 2 (cf. [KR] ). But this method does not work in the current situation. We need to establish directly that V (H F , Z)s is an irreducible highest weight module for the Virasoro algebra V ir F . Of course, the proof present here also works for F = C.
Note
, and a(0) ∈ V (H F , Z)1 are highest weight vectors for V ir F with highest weight 0, . This is true for F = C and the same argument works for any F with chF = 2. So if we can prove that V (H F , Z)s is an irreducible V ir F -module, then the results follow.
We first show that
)0 is an irreducible module for V ir F . Let W be the V ir F -submodule of V (H F , Z + 1 2 )0 generated by 1. From the proof of Lemma 4.2 we only need to argue that a(−s − ) ∈ W for all 0 < s ∈ Z. We prove by induction on s
which is a consequence of (2.3) for p ∈ Z and q ∈ 1 2 + Z. If s = 1 then a(−3/2)a(−1/2) = 2L(−2)1 = 2ω ∈ W. If s = 2 then a(−5/2)a(−1/2) = L(−1)ω ∈ W. If s = 3 consider the linear system
Since the coefficient matrix 3
has determinant −7 we see that both a(− ) and a(− ) are in W as chF = 7. We now assume that the result holds for s − 1 and s. We have linear system ) lies in W for m + n = s + 1. The proof is complete.
We now prove the others. By Lemma 4.2, each
The following corollary gives the degrees of the singular vectors of V ( from [FF] (also see [BFIZ] ). The V ( ) has two singular vectors
of degrees 2 and 3, V ( ) has two singular vectors of degrees 2 and 4
where u = − 25 12
and L(n) is identified with L n for n ∈ Z. Since all coefficients of these singular vectors are in Z[
] we see that they are also the singular vectors V ( , h) F have the same graded dimensions for all fields F with chF = 7. Since the result is true for F = C from [FF] , the results also hold for any field F.
Recall
]. It follows from Proposition 4.1 that L(
, 0) R . Theorem 4.3 gives the following corollary.
We next classify the irreducible admissible modules for L(
, 0) has only three irreducible admissible modules L( (see [DMZ] and [W] ). Although the proof in the complex case uses the Zhu's algebra A(V ) [Z] , the key idea is to find the image of the singular vectors in A(V ). But there is no Zhu's algebra theory for vertex operator algebra over arbitrary field F currently (Zhu's A(V )-theory is studied in a forthcoming paper), we will get the classification result directly using the singular vectors. , 0) has a unique maximal submodule generated by a highest weight vector s of weight 6 when F = C. The vector s is given by FF] . Regarding the coefficients appearing in the expression of s as elements in F we see that s is also a singular vector ofV ( , 0) F -module. In particular, s n = 0 on M for all n ∈ Z. Let V be a vertex operator algebra over F and W a weak V -module. Then we have the following relation on W for any u ∈ V by using the Jacobi identity
where
(see [DL] ). As a result we see that
.
So we have
That is, h = 0,
. So the possibilities of irreducible admissible L(
, h) F with h = 0, , 0) F -modules if chF = 7. It is worthy to point out that if chF = 7, we will find a degree 4 singular vector which will give exactly the condition h(h − 1/2) for the any irreducible highest weight module L( 1 2 , h) F . We next deal with the rationality of L( 1 2 , 0) F . In the case that F = C, this is essentially proved in [FF] (also see [DMZ] , [W] ). Establishing rationality for general field F is much more difficult. For example, it is almost trivial to prove that any admissible L( 1 2 , 0)-module which is a highest weight module for the Virasoro algebra V ir is an irreducible as the difference of any two numbers in {0, } is not an integer. But this is not the case anymore if the characteristic is finite. The following lemma tells the same result is still true.
, 0) F -module which is also a highest weight module for V ir F , then M is irreducible and necessarily isomorphic to L( by Theorem 4.6. We first consider the case h = 0. As in the proof of Theorem 4.6 we have the following computation
, 0) F is generated by ω, using (4.3) we see that u n v = 0 for all u ∈ L( 1 2 , 0) F and n ≥ 0. That is, v is a vacuum-like vector. Using the same proof of Proposition 4.7.7 of [LL] shows that the map f : L(
, 0) F -module generated by v we see that the map f is an isomorphism. That is, M is irreducible.
In fact, if the characteristic of F is different from 3, 5 we do not need the computations above. Since L(−1)v is a highest weight module for the Virasoro algebra of weight 1 which is different from ) from the proof of Corollary 4.4. As before we have
where p(h) = (6h + 7)(h + 1 4 ) + (h + 2)(11h + 24) + 18h,
where f (h) = 64p(h) + 93(4(h + 2) 2 + 6(h + 2)) − 264(10( 1 4 + h) + (h + 2)(3h + 10)) − 108 · 5(h + 2) and g(h) = 64q(h) + 93 · 18 − 264 · 21.
One can easily verify that s 5 L(−2)v is a nonzero multiple of (4L(−2)−3L(−1)
and a nonzero multiple of (3L(−2)
. Thus (4L(−2) − 3L(−1) 2 )v = 0 for h = + 4 are all different. In these cases we immediately conclude that M is irreducible by Corollary 4.4. So the proof in Lemma 4.7 is basically for chF = 3, 5, 11, 13 although the proof works in general.
Remark 4.8. Let V be a vertex operator algebra and W a weak V -module. It is known from [LL] We are now in a position to establish the rationality of L( , 0) F -submodule generated by M(s) for s ≤ n. Note that W n = ⊕ s≥0 W n (s) where W n (s) = W n ∩ M(s). We now prove by induction on n that W n is completely reducible.
If n = 0, by Lemma 4.7 and the fact that L(0)(L(0) − )v = 0 for any v ∈ M(0) (see the proof of Theorem 4.6), W 0 is completely reducible. We now assume that W s is completely reducible for s ≤ n − 1. If W n−1 (n) = M(n) we have nothing to prove. So we assume that W n−1 (n) = M(n). Consider the quotient admissible module M/W n−1 = ⊕ s≥n (M/W n−1 )(s) = ⊕ s≥n M(s)/W n−1 (s).
Let v ∈ M(n) \ W n−1 (n). Clearly, v + W n−1 is a highest weight vector in M/W n−1 . Let X be a L( 1 2 , 0) F -submodule of M generated by v. Note that X = ⊕ s≥0 X(s) where X(s) = X ∩ M(s) is finite dimensional. Then Z = X ∩ W n−1 is a submodule of X and X/Z is an irreducible L( Let M be a highest weight V ir F -module generated by a highest weight vector w with highest weight h. Assume that M is also an L( proof we show that X 1 = 0, W 2 is completely reducible V ir F -module and M 1 = (W 1 ) ⊥ . Continuing this procedure asserts that V (H F , Z +
